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Abstract

The concept of maximal numerical range of a bounded operator T on B(X) was introduced
and studied in by Stampfli who used it to derive an identity for the norm of derivation. This
concept was later generalised by Ghan to the Joint maximal numerical range, MaxW,,(T), of

an m-tuple of operator T =(Ty,..,T,y) € B{X). In 1997, Fong introduced the essential

maximal numerical range to study the norm of a derivation on Calkin algebra. The Joint
essential maximal numerical range was studied by Khan and certain results analogous to the
single operator case proved. Khan also illustrated that the joint essential maximal numerical
range can be empty. In the present paper, we show the equivalent definitions of the joint
essential maximal numerical range MaxW,,(T) and also show that the Joint essential

maximal numerical range is nonempty, compact and convex. We also show that each element
in the joint essential maximal numerical range is a star center of the joint maximal numerical
range.

1. INTRODUCTION

Denote by X a complex Hilbert space with inner product {.,.} and norm |[|-|| and denote by

B(X) the algebra of (bounded) linear operators acting on X.
The Joint Maximal Numerical range of T = (Ty, ..., T,,) € S(X)™, denoted by MaxW,, (T),

is defined as,
MaxW, (T)={re €™ (T, x,, x,) = 1,
wherex, €X; |lx || =1 and [|Tyx, |l = IT ;1 < k < m}.
In the case k = 1, it is the usual maximal numerical range of an operator T denoted by
MaxW(T) and defined as

MaxW(T) = {r e €™: (T x,,x,) = r,where x, €EX; |lx, |l = 1 and ITx,|l = lITI].
From the properties of the joint Maximal numerical range, we note that MaxW,, (T) does not

have translation property by scalar, that is
MaxW, (BT + al) # MaxW,, (T)4o V f,a € C™.

In particular, it is known that MaxW,, (T)n MaxW, (T 4+ ) = @ for any
0+ B = (B, By) €C™ (see [3]).

The Joint essential maximal numerical range, denoted by MaxW,, (T), is defined as
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MaxW,_ (T)={r e C™: (T x,, x,} = 1. x, = 0 weakly and ||T,x || = IT|l, 1= k
< m}
Here, T, |l denotes the essential norm of T defined by
T ll, = infllIT + Kll: K € 3C(X)}
Where X (X) is the ideal of all compact operators in B(X). In [2], it was shown that
MaxW,, (T)n MaxW,, (T+B8)=0for0= 8= (B ...5,) €EC™ In the case k = 1, the

Joint essential maximal numerical range becomes the usual essential maximal numerical
range, MaxW,,, (T defined as

MaxW, (T)= {r € C™: (Tyx,, x,} = 1, x, = 0 weakly and ||Tx, || = |ITIl, }.

Let <4 be a complex normed algebra with unit e and let T = (Ty, ..., T,,,) € A™. The Joint
(algebra) maximal numerical range, denoted by MaxV,, (T,-4), of an element
T=(Ty,..,T,) € A €Ais defined by

MaxV, (T,-A) = {f (Ty, ....f (T, ): f € <A*)}where A% is the set of all maximal states of T.
Recall that a linear functional f on <4 is a state if ||fll = 1f(e) and that if f£(T*T) = ||T]|?
then the state f is maximal for T. We shall, if there is no confusion, abbreviate MaxV, (T, 4)
as MaxV,, (T)In this paper, we show the equivalent definitions of the joint essential maximal
numerical range MaxW.,,,(T) and also show that the Joint essential maximal numerical range

IS nonempty, compact and convex. We also show that each element in the joint essential
maximal numerical range is a star center of the joint maximal numerical range.

We remind the reader that the numerical range of T € B(X) is defined as
W(T) = {{Tx,x):x € X,{x,x) = 1} while the essential numerical range of T € B(X) is

defined as W,(T) =n {W(T + K) : K € X (X)}.

2. MAIN RESULTS
Lemma 1.1. MaxW(T)} is nonempty, closed and convex subset of the closure of numerical

range.
The Proof of the lemma can be found in Stampfli [4]
Lemma 1.2. MaxW,(T)is nonempty, closed and convex subset of the essential numerical

range.
See Fong [1] for the proof.

Theorem 1.3. Let X be an infinite dimensional complex Hilbert space and

T=(Ty,..,T,) € B(X).Letr = (ry, ..., 7,,,) € C™ .The following properties are equivalent:
1r € MaxW,,,(T)

2. There exists an orthonormal sequence {x,, }»=; such that..

(Tpx,,x,) = reand | Tex, |l = IT Ml ;1 < k= m.

3. There exists a sequence {x,}.=; € X of vectors converging weakly to

0 e X such that (Tyx,,,x,) = 1, and | Tyx, /| = 1Tl ;1 < k< m.

4. There exists an infinite - dimensional projection P such that

P(T, —r )P e K(X) and IT,Pll, = T Il, ; k= 1,..,m.

Proof. 1 & 2 and 1 < 4 was proved by Khan [2].

To prove 2 = 4;

Let {x,}oz; €X be an orthonormal sequence such that

(Tx,,x,) = ryand [ITyx, || = [T, ;1 < k<m.

By passing to a subsequence we can assume that
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Let 7, = 1. Then

¥ KT =) 2 < [T =, |
n=1

and

Z 2z
D U = r 2 ) < 1T =15, |
Thus, by Bessels inequality, there is an integer n, = n, such that

Z |{{Tk _Tk]xnlrxﬂ,”z < 27t

n=ng and

- 2 -
Zﬂ=ﬂ5|{{TR - Tijﬂ’xnin =< 2 1.
If this procedure is repeated, a strictly increasing sequence {n,}:z, of positive integers is
obtained such that we have

Z (T, — r)x.x, )P < 27¢

MMy
And
z::ﬂ”J{{Tk —T‘k]xn,xnrﬂz <27t (%)
(%) and (#=) both imply that
ri 1|{{Tk Tk]xrrxnt}l = 0 (:rcncnc)

If P is an orthogonal projection onto the subspace M spanned by x,, , x,,_,..., then

2
=1 [{((PT P — 7, P)x,, , xnt}| = Zo=a [((T — ridx,x, )| <0 by (#=%),  hence
PT, P is a Hilbert - Schmidt operator and therefore PT, P —r, P € K(X).

We then show that (3) implies (2).
Let {x,}.=; €X be asequence of vectors converging weakly to 0 € X such that

{Tkxwxn} s rcand IT x|l = 1T, 1 < k < m.

Construct an orthonormal sequence {y,}:=, such that

Ty, Il = Tl — i and [(Ty v, v | < i as follows.

Suppose that the set {x4,...,x,} has been constructed. Let M be the subspace spanned by
X4, -, %, and P be the projection onto M. Then we have

|Px, |l = 0 asn — oo. Let

z, = (1 = P)x, " ((1 — P)x,,).

We have
Tz, = I(I— P)x, I"(T, (1 — P)x,).

This gives

Volume-1 | Issue-5 | May,2015 | Paper-4 31



I]RD@ IJRDO-Journal Of Mathematics ISSN: 2455-9210

(T2 2,0 = (I = P)c, I7H(T (I — P)x, ), 1T — P, [I7H(T (T — P)x,)) = 12—

P)x, |I7*{{Tx,, x,)— (T,x,,Px, ) — (T, Px,,Px, )} = r,

We choose n large enough such that [{T, z,,,z,,) — .| < (n+ 1)1 If we let

Z, = X, 31 We get {Tyux,pq, Xpeq)m ] < (n+1)71.To show that (3) implies (1). Suppose

that for a point v, € €™ there is a sequence {x,,} € X such that\TeXn Xn) = Ti

Since every sequence {x,,} — 0 weakly, and |lx||= 1, we have™* ~ MaxW,,, (T).

Recall that a subset C of a linear space M is convex if ¥x, y € C the segment joining x and y
is contained in C, that is, tx + (1 —t)y e C ¥ t € [0,1].

A set S is star-shaped if 3 ¥ € 5 such that ¥ x £ 5 the segment joining x and y is contained in
S, thatisAx + (1 —A)y eSsv ie[o01].

A pointy €S is a star center of S if there is a point X €S such that the segment joining x and y
is contained in S.

Starshapedness is related to convexity in that a convex set is starshaped with all its points
being star centers.

Theorem 1.4. Suppose T = (Ty,...,T,,) € B(X). Then MaxW,,(T) is nonempty, compact

and each element »& MaxW,,(T)is a star center of MaxW, (T). Moreover,
MaxW,, (T) is convex.

Proof. First, we prove that MaxW,, (T) is nonempty. To do this, from first theorem, there
exists an orthonormal sequence {x,}a=; € X such that

(Tex,,x,) = ryand |Tex, ll = Tl 1 < k< m.

Thus the sequence {{Ty,x,.x,}}n=; is bounded. Choose a subsequence and assume that
(T x,.x,) converges. Then MaxW,,, (T} is nonempty.

The compactness of MaxW,,, (T) can be seen right from its properties.

MaxW,,,(T) = MaxW,,, (T + K) € MaxW, (T +K) : K € X(X) where X (X) denote the
sets of compact operators in B(X). Since MaxW, (T 4+ K) is compact, the joint essential

numerical range is also compact.
To prove that each element » € MaxW.,,,(T) is a star center of MaxW,,(T) it should be

shown that (1 — )P + Ar € MaxW, (T): A € [0,1] where r € MaxW,, (T) and
p € MaxW, (T). Assume without loss of generality that [ITIl=1. Suppose
5 € MaxW,, (T) so that s = Ar + (1 — A)p. Let {x,,} and be orthonormal sequences in X such
that™ = (Tx,,x,).p =(Te,,e,)
andllz, |l = lle,lI=1
Then,
s=MTx,,x. )+ (1—2){Te,e,)

= {Tw"ﬁxn, \.."'Ixﬂ} +{Ty1— Ae,, Vi1-— Ae,)

= ((TVAx, + TVI=12e,), (VAx, + VI—1e,))

IVx,, + VT =2e,|| =2 (
= Alx, [P + (1 = Dlle,lI?
=A+(1-A) =1

Thus, (1 — A)r + Ap € MaxW, (T).

Wiz, | +VT=7e,)
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Convexity of MaxW,,, (T} is proved by showing that for »,p € MaxW,, (T) and 4 € [0; 1]
we have Ar + (1 — A)p € MaxW,,,,(T)Now, r € MaxW,,,,(T) = MaxW,,, (T + k) for every
KeX(X)and p € MaxW,,, (T) = MaxW_, (T+ K) © MaxW,,(T+ K). From Theorem

above, Ar +(1— A)p € MaxW,_ (T + K). Thus,
Ar+(1—Dpen{MaxW (T +K): K€ K(X)} = MaxW,_(T). Hence MaxW, (T) is
Convex.

3. CONCLUSION
We state the following theorem without proof.
Proposition 1.5. Let T € B(X). If T xll = Tl then

MaxW, (T)= MaxW, (T).
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