I]RD@ IJRDO-Journal Of Mathematics ISSN: 2455-9210

ON THE CONVEXITY OF THE JOINT ESSENTIAL
NUMERICAL RANGES

O.S. CYPRIAN and ANDREW MASIBAY
KIBABII UNIVERSITY COLLEGE
BOX 1699-50200, BUMGOMA

N. B. OKELO
SCHOOL OF MATHEMATICS AND ACTUARIAL SCIENCE,
JARAMOGI OGINGA ODINGA UNIVERSITY OF SCIENCE AND TECHNOLOGY,
P. 0. BOX 210-40601, BONDO-KENYA
Email: bnyaare@yahoo.com

Abstract

The concept of essential numerical range of an operator was defined and studied by Stampfli
and Williams in 1972. In this paper, we consider the joint essential numerical range of an m-
tuple of operators T = (Ty,...,T,,) in B(X) and show that the convexity of the classical
numerical range also hold for the joint essential numerical range.
1. Introduction
B(X) will denote the algebra of (bounded) linear operators acting on complex Hilbert space X.
The joint Numerical range of T = (Ty, ..., Ty,,) € S(X)™ is defined as

W, (T) = {((Tyx,x), ... ,{Trpx,x)): x € X,{x,x) = 1}

The ideal of all compact operators in B(X) be denoted by K (X). The joint essential numerical

range of T € S(X)™is defined as

W, (T) = {W,(T+K) : K = (Ky, ..., Kn) € K(X)}.

Studying convexity of W,,,(T) and W,,,(T + K), researchers concluded that W, (T) is convex
for m = 1 and not convex in general for m > 2 while W,,,(T + K) is non-convex, see [1, 2, 3,
6, 7]. It is thus unexpected for the set W, (T to be convex since it is an intersection of non-

convex sets. One of the objects of this paper is to show that the joint essential numerical

range is always convex. The essential numerical range, W, (T), for a single operator was

Volume-1 | Issue-5 | May,2015 | Paper-3 23


mailto:bnyaare@yahoo.com

I]RD@ IJRDO-Journal Of Mathematics ISSN: 2455-9210

studied in [5] and its equivalent definitions given. Generalising these results W, (T) is also

defined by W, (T) = {r € C™ : (Txy, x,) — Ty, X, — O weakly; 1 < k < mj}.

Theorem 2.1. Let T = (T4, ..., T,,) be an m-tuple of operators on X. For a point {r =
(11, ..., ) € €™}, there exists an orthonormal sequence {x,},~; € X such that

ifand only ifr € W, (T)

(Txp, xp) =11 <k <m.

Proof. Assume that for a point r = (ry, ..., 1) € C™, there exists an orthonormal sequence

{x,}_, € X such that

(Txp, %) 11 <k <m.

But every orthonormal sequence {x,} converges weakly to zero and ||x,|| = 1. Thus
r € We, (T).

Conversely, letr € W,,_(T) and show that there exists an orthonormal sequence
{xn}n=1 € X such that

(Txp, xp) = 11 <k <m.

Since r € W, (T) there is a sequence {x,} of vectors such that

(Txp, %) — 1, Xl = 1, x,, — O weakly; 1 < k < m.

Suppose we have chosen the set {x;, ..., x, } satisfying |(Tz,, z,) — r| < % Vi

Let M be the subspace spanned by x4, ..., x,, and P be the projection onto
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M. Then we have |[Px,|| — 0asn — . Let
Zp = 11U = P)xplI™* (I = P)xy).
We have
Tzp = (I = P)xplI7H(TU — P)xy) -
This gives
(T2, 2n) = (U = P)xy |71 (T U = P)ay), | = Py [I7H(T U = P)xy)) =
(I = P)xn |72 {{Txn, %) — {TPXn, Pxy) = (T, Xp) + (TPxp, Pxp)} — 1 @SN — 0.

We choose n large enough such that
(T zp, zp) — 7| < Tl_
If we let z, = x, + 1 we get

KTxp41, Xpe1) — 7] < il

We remind the reader that

A subset C of a linear space M is convex if ¥ x; y € C the segment joining x and y is
contained in C, that is,

tx+(1-tlyeC rtel0;1].

A set S is starshaped if 3 y € S such that ¥ x € S the segment joining x and y is contained in
S,thatisAx + (1 — A )y eS v A €|[0; 1].

A pointy € S is a star center of S if there is a point x € S such that the segment joining x and y
is contained in S:

Starshapedness is related to convexity in that a convex set is starshaped with all its points

being star centers.
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Theorem 2.2. Suppose T = (T}, ..., T,) €EB(X): Then W, _(T) is nonempty, compact and each

element r € W, (T). is a star center of W, T. Moreover, W, (T) is convex.

Proof. First, we prove that W, (T) is nonempty. To do this, from Theorem

1.1, there exists an orthonormal sequence {x,},—; € X such that

(Txp, xp) =11 <k <m.

Thus the sequence {(Tx,,, x,)}n=4 is bounded. Choose a subsequence and assume that

(Txy, x,,) cOnverges. Then W, (T) is nonempty.

The compactness of W, (T) can be seen right from its definition. The joint essential
numerical range, W, (T) is defined as the intersection of all sets of the form
W,.(T + K) : K € K(X) where % (X) denote the sets of compact operators in B(X). Being an
intersection of compact sets, the joint essential numerical range is also compact.

To prove that each element r € W, (T) is a star center of W,,,(T), it should be shown that
(1—-Dp+ Aar e W, T:1 € [0,1] where r € W, _(T) and p € W,,,(T). Assume without loss of
generality that ||T||= 1. Suppose s € W,,,(T) so that s = Ar + (1 — A)p. Let {x,,} and {e,,} be
orthonormal sequences in X such that

r=(Tx,, xn), p=(Te, e,) and

X, 1l = llenll = 1.

Then,

s = MTx,, x,) + (1 — A(Txp, xp)

= (T 2%y, VAx,) + (TV1 = Ax,, V1 — Axy,)

= ((T\/an +V1 - /'len), (Vx, + V1= 2e,))
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Vxo + VT =Zeal|” = (IV2xall” + [NVT=Aen||")

= Ulxall? + (1 = Dlle,ll?

=A+(1-1)=1
Thus, (1 — Dr + Ap € W, (T).
Convexity of W, (T) is proved by showing that r,p € W, (T) and A € [0,1], Ar +
A-MDpeWw, (T).Now,reW, (T)=r€eW, (T+K)foreveryK € KX(X)andp €
W, (T) S Wy (T + K). From Theorem above, Ar + (1 — D)p € Wy, (T + K). Hence W, (T)

is convex.
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