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ABSTRACT
Navier-Stokes equations are the equations of conservation of linear momentum. In this paper we

express this type of equation from vector form to spherical co-ordinates. We refer to some

equations in this paper from our first paper for the readability of this second paper.

INTRODUCTION

The general form of the equations for incompressible flow of Newtonian (constant viscosity)
fluid is given by 32 = —(q.V)q + vVq — }J VP+g+f
1)
vis Kinetic viscosity (constant) and is given by v = i p is density (constant), P is pressure and
gis the gravitational force.
In the equation (9) above,
- %—Acceleration term

- (g.V)q —is the advection term; the force exerted on the particles of the fluid by other particles of
the fluid surrounding it

- vV2g — velocity diffusion terms; describes how the fluid motion is damped, highly viscous fluid
e.g. honey stick together while low viscous fluid flow freely, e.g. air

- VP - pressure term, fluids flow in the direction of largest change in pressure
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From equation (2), V= i% + j% + k§ andg = iu + jv + kw. Replacing this in equation (9) we
z

obtain

d d d d
—(iu+jv+kw) = —(iu+jv +kw].(i—+i— +k—z) (iu+jv+ kw) +
dt dx ~dy d

w2 (in+jv + kw) =2 (i + i3 + ko) P +p(ig, + g, +ka,) + (if, +if; + Kf)

)
In equation (10) the laplacian is given by
32 32 32
Vi=——+ =+

dx? dy* odz°

Replacing the laplacian above in equation (10), we obtain
2z 32 32

‘P o 9 Ay . .
a(m+]v +kw) = (u£+ vﬂ_y +Wﬂ_z) (iu +jv + kw) +U{ﬂx2 + ay? + azg]

(lu+]v+lm}——(l—+ —+k )P+ (ig,+jg,+kg,)+ (if. +jf. + kf.) (3)

Collecting coefficients of, i,j and k together, this leads to equations in x, v and z directions

respectively as follows;

Bu (u—+1f—+u ZJu+v r3|;+E‘—YZ+'3'Tz u+§g+g,+}; (4)
81;1_( 3+ ﬂ+ d + 32+32+32 +13P+ +

3t ax vﬂy ol VT e T ez T )Tt e Tt

dw ( a N + Z) N 62 N a2 +13P+ N

at \"ax  Vay Wa"W TV ﬂy az2 )" pox x + 1z

The above three equations are the Navier-Stokes equations in x,y and z components. In this

project we will neglect the body forces. Therefore dropping the body forces and rearranging the
equations we obtain;

X-component

ou, ou  ou ou)_ op 62u o’u o
pl —+U—+V—+ = +pg, + >t 5t (5)
ot ox oy az OX ox® oy- oz
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y-component

@+u@+v@+wg __a_p+ g, + 62v+62v+82v (6)
Plac " ox oy ar) oy PP T e T o

z-component

oW oW Ow ow op o°'w  o°w  o*w
Pl —+tU—+V—+W— |[=——+pQ, + u sttt (7)
ot OX oy oz 0z ox® oy* oz

Here, v is the coefficient of viscosity, p is the density of the fluid and g is the gravitational

force.

MAIN RESULTS

EQUATIONS OF MOTION IN SPHERICAL COORDINATES
Finally, we shall convert the equations of motion in spherical coordinates. In this section

however we will not convert the equations of motion in curvilinear coordinates since we have

already done this in the previous paper. We will simply use what we have already derived.

The coordinates of a point P in spherical coordinates is given by the ordered pair, r, fand @.

- risthe distance from the origin to the point P
- B isthe angle between the x —axis and the line from the origin to the point P
- @is the angle between the = — axis and the line from the origin to the point P
The relationship between the cylindrical coordinates and the spherical coordinates is given by;

X=rsingcosd, y=rsingsing, z=rcos¢y 8)

Scale factors
In spherical coordinates, the scale factors are, h,, h, and h, as shown in equation (26) are given

by;

(348
ou, ou; ou,

Where i=r, 6 and ¢
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2 2 2
heo| 2 [ Y] |2 (10)
ou, ou, ou,
2 2 2
h? =(£rsin¢cos@} +[£rsin¢sin«9j +(ﬁrcos¢j
or or or

=sin’ gcos’ 0 +sin’ ¢sin® 0 +cos’ ¢ = sin’ §(cos” @ +sin® 0) +cos’ g =1

(11)
Similarly kg can be given by

2 2 2
RN
ou, ou, ou,

2 2 2
h,’ :[airsingbcos@j J{airsimﬁsineJ +[aircos¢j

uH uH uH (13)
= r?sin® gsin’ 6+ r? sin’ gcos® @ = r’ sin® g (sin” 0 + cos’ ) = r’ sin’ ¢
Similarly, hg can be expressed as
a 2 2 6 2
h,? = S R 0 T Y (14)
ou, ou, ou,
0 i 0 i 0 i
h,’ = Epsin ¢cos&] J{Epsin $sin GJ +££pcos¢]
¢ ¢ ¢
=r®cos® ¢cos’ @+ r’ cos® ¢sin® @ +r?sin® ¢ = r? cos ¢(0052 0 +sin’ 6’) +r?sin’ ¢ (15)
=r’ (cos2 ¢ +sin’ ¢) =r?
Therefore the scale factors in spherical coordinates are given by
h?=1 h,=rsing andh, =r (16)
In spherical coordinates, the velocity vector gis given by,
q=u.e +Us, +U.e, (17)

We will then express in spherical coordinates, the continuity equations and the momentum

equation
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Continuity equation
We will express the continuity equation in equation (7)¥.g = 0 in curvilinear coordinates. From

equation (60), we have;

1 0 1 0 1 0
vig = —(h,hu, )+ ————(hh,u, )+ —(hhu
= hh,h, 8u1( o) hhh, éu, (hty) hh,h, du, ()
In spherical coordinates,
u, U, and u, areu,, u, and u, (18)
Using equations (93) and (95), we obtain;
1 0/, 0 1 0 .
Vg = —(r°singu_ )+ —(ru, )+ —(rsingu
4 rsing ar( gu.) r2sin ¢ 89( 2 rzsin¢6¢( ) 19)
0 0/ .
== —(r?u )+ —(ru,)+ —(rsingu
r2 ar( ) rzsin¢89( 2 rzsin¢6¢( ;)

Navier-Stokes equations
To express in spherical coordinates, the Navier-Stokes equation (60);

0
p(gq + (q-V)qj =-Vp+pg+uVq

We first express the grad, laplacian, velocity and gravity in spherical coordinates.

In curvilinear coordinates, the laplacian from equation (67) is given by

vo_ 1 |:i(h2hziJ+ o [hlh3 a]+ a[hlh2 aﬂ
hhh|ou{ h ou ) ou,\ h, ou, ) ou;\ h, ou,

Replacing equation (92) and (94) into the above equation we obtain

v oL P( zsinﬂj&(;i}i[smﬂﬂ 0
r’sing| or or) 00\singod) o¢ o

We can also express g as

g=0,6 +0,8 +0,8, (21)
From equation (43), in curvilinear coordinates, grad is given by;

10 10 10

V="——e +———e,+——
h, ou, h, ou, h, ou,

€;

In spherical coordinates the above equation is written as;
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V:ger+ 1 iee+1ieqj (22)
or rsing o0 r og

And finally we have;

g=U., +U,e, +U,e, (23)

Now replacing equations, (92), (94) and (95) into equation (60) we obtain,

é(ue ru.e +ue)+ (ue +U,e, +ue) O 1 0,10, (ue ru.e +ue)
p@trr 0%0 e p o " rsin¢80°pa¢¢ rCr o%e e

_ [ O L 0, 10, p+p(0.e +0,e,+0,0,)+
o T rsingoe® Trag )PP 0% T 96%

p t o sm¢aj ot o),0 sing— j (ue, +u,e, +u,e,)
r’sing or op 00 sing 06 a¢ o rer T E0Ne T gy

Expanding equation (96) we obtain

(gue+ gue+g j+ u£e+u9 8 - E(ue+ue+ue)
Pt o TP Yot TP 5 Pl rsm¢89 p8¢

(2, L, 10,
or " rsingod ° raog ’

u 1 |9 sm¢a of Lt 03,9 sn¢ (ue, +use, +u,e,)
r2sing| or op Y sing 60 a¢ o o Teme e

We then write equation (97) in component form, we first collect all the terms withe, ;

0 0 U o U o op
paur+p U —+———+— u =——+p9, +

(24)

j (pa.e, + pgye, + pY,e, )+ (25)

or rsingof r 6¢ or
(26)
1 0 J( 1 o) 0. O
U ( sing— j +—|sing— || |u,
r’sing| or or) 06 S|n¢ 00 o¢ o¢
Similarly terms containing e, are,
gue+ 9 u‘9auau:—1a—p+g+
Pa et P\ o rsing a0 p 04 rsing 00 © >
(27)

U ! 8( sm¢8] a(ii}ri(simiij u
r2sing| or op) 00\sing o0 ) o4 o))"’

And finally the terms containing e,
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0 U 0 U¢ J p
s tPo| U —+—— U, =—=—+p9,
or rsing 60 P a¢ r o¢

r?sing— —— sm¢
rZsing| or o6 ) o0\ singoo ) ap ! o4

(28)

Equations; (98), (99) and (100) are the momentum equations in spherical coordinates.

CONCLUSION
In this paper we have outlined the expression of motion equations from vector form to spherical
coordinates.
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